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1.  INTRODUCTION

In many structural applications fatigue under random loading is a major
problem, such as offshore platforms in the North Sea environments. The record
of the load-time history under random loading is usually so long that it is
difficult to read or described it or to recognize patterns. If the random
loading is a stationary and Gaussian process, then there exists a power
spectrum, G(f), which possesses all the statistical properties of the original
load-time history [1]. The power spectrum is, therefore, usually used as to
represent the random load-time history.

Several important parameters in the random loading fatigue analysis can
be derived from the power spectrum. These parameters include the root-mean-
square value of the load amplitude, the average rise and fall, and the irrequ-
larity factor, a [2-3]. In this paper, simplified techniques for estimating a

from a given power spectrum are presented.

2.  IRREGULARITY FACTOR
The irregularity factor, o, is defined as the ratio of the number of zero
crossings to the number of peaks in a load-time history.

a = N/F, (1)

where N0 is the number of zero crossings and FO is the number of peaks. The
exact values of N and F_ can be evaluated from G(f) as follows:

N = (Mz/Mo)l/Z
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where Mo’ M2, and M4 are the zeroth, second and fourth moments of G(f) about

the origin (zero frequency), and defined as:
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where f is frequency, thus,
1/2
o = My/ (M M) (4)

The irregularity factor, a, not only describes the irregularity of the
random load-time history but also is a measure of the bandwidth of G(f). As a
approaches unity, the distribution of the loading peaks approximates to the
Rayleigh distribution [1], and the shape of G(f) is sharply peaked at the
center frequency or far away from the origin and it is called narrow band. A
single-frequency sine wave loading can be described as a Dirac-delta function
power spectrum. The value of o decreases with increasing the width of the

power spectrum. As a approaches zero the power spectrum is uniform all over

the frequencies; this is the wide-band 1imit.

3. CALCULATION OF IRREGULARITY FACTOR FROM A POWER SPECTRUM

‘3.1 Direct Integration of Power Spectral Density Function

The value of o can be evaluated from equation (4) by integrating equations
(3a), (3b), and (3c). The integrations can become tedious énd time consuming
if the shape of G(f) is irregular. One simplified way of evaluating o is to

break G(f) into several simpler geometries such as those shown in Figure 1,

and then to evaluate the moments according to the following equations:



(f+2)
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where Gi's and fi's are power spectral densities and frequencies respectively,

as shown in Figure 1. The derivation of equation (5) is given in the
Appendix,

For example, using equation (5) and the break-up diagram shown in Figure 2,
the calculated value of a is 0.699. The more precise value o is 0.697. The
error of using equation (5) is only 0.14 percent.

3.2 Estimated from Characteristic Width and Center Frequency of a Power

Spectrum

For the case of rectangle power spectra a simple expression for a can be
derived mathematically from Equation (4), and stated in terms of the width, W,

and the center frequency, f.» as follows [4]:

5(9+68"+8%)
X =/ 3 (stos+5%)
(6)
where B = W/2f _ (7)
Here, B is a directly perceived dimensionless parameter of the power spectrum,
and is defined as the geometric dimensionless bandwidth. The physical
meanings of W and fc are obvious in this case, and both can be determined in a
straightforward manner. For irregular spectra, this approach may also be a

promising method for calculating a, if the appropriate values of W and fc can

be determined such that Equation (6) still provides good estimates of a.



3.2.1 Determination of Characteristic Width, W
The center frequency of any single-peaked, symmetric power spectrum is,
obviously, at the middle of the frequency range. Equation (8) 1is suggested

for the calculation of the characteristic width, W.

- A
W=W reg (8)
Ap s

is the area of a }ectang1e enveloping the power spectrum, Ap s is

the area of the power spectrum, and iris the arithmetric average width of the

where Arec
power spectrum. Then, for example, the value of W for an isosceles triangular
power spectrum is half of its base width, Arec/Ap s is equal to 2, and its

irregularity factor, a, can be derived from Equation (4). Written in the form

of Equation (9), it is

ol = 5(9+¢8+8%Y (9)
9 (s+108+ £8%)

which is almost the same as Equation (6).

The results of numerous calculations for several shaped power spectra,
including isosceles triangles, rectangles, isosceles trapezoids and pagodas,
are plotted in Figure 3 in the form of a vs. B. A1l values of a in all
figures in this paper are calculated by the theoretical Equation (4). It can
be seen that the a vs. B curves of four kinds of power spectra are coincident,
demonstrating that the estimate of W by Equation (8), combined with Equations
(6) and (7), does in fact provide good estimates of a.
3.2.2 Determination of Center Frequency, fc

The a of an arbitrary triangular power spectrum with a fixed base (i.e.

with a constant characteristic width) varies with the location of the peak



within the width, because of the changing of the center frequency. Several
candidates for center frequency, including the frequency at the peak of the
power spectrum, the frequency at the center of gravity of the power spectrum,
the frequency at the middlie of the frequency range, and the frequency at the
middle of the half height width, have been checked. It is recommended that
the frequency at the middle of the half-height width of the power spectrum be
taken as the center frequency, because this choice gives smallest scatter
among the a vs. B curves of several typical asymmetric single-peaked power
spectra. The a vs. B curves of right triangular power spectra with the right
angle to the left or right are compared with the a vs. B curve of rectangular
power spectra in Figure 4. It is demonstrated that this estimate of fc’
combined with Equations (6) and (7), provides a good estimate of a.
3.2.3 Behavior of Double-peaked Power Spectra

The irregularity factor, a, of a double-peaked power spectrum consisting

of two very narrow rectangles is derived from Equation (4)

[+ AF
O(:
JC1+A) (14 AFY)

A= /42/44/ (1)

F: f(l /fc/ (12)

where Al’ AZ’ fcl and fc2 are the areas and center frequencies of each
rectangles, respectively.

For double-peaked power spectra consisting of two wide peaks,
Equation (10) is still a good estimate. The estimation error of Equation (10)
is within 5 percent for power spectra consisting of two wide rectangles or

two isosceles triangles in a large range of A = 0.1 to 10, F = 2.333 to 7,
GZ/Gl = 0.1 to 10, and a = 0.96 to 0.56, shown in Table 1.



Equation (10) has been plotted in Figure 5. It is shown that the larger
the F and the smaller the A, the smaller the irregularity factor, a. As
A1<<A2, the irregularity factor, o, is dominated by the second peak. However,
as A1>>A2, the second peak may still play an important role in determination
of a, because the second peak with higher frequency plays a more significant
role in M4 and MZ‘

Two peaks of a practical double-peaked power spectrum are usually connected
to each other at their bases. Therefore the double-peaked power spectrum is
cut into two parts and their center frequencies and areas are estimated. Then
the irregularity factor, a, can be calculated by Equation (10). For example,
the North Sea power spectrum shown in Figure 6 is cut at 0.3 Hz, 0.25 Hz, or
0.2 Hz, and modified to two triangles, AABC and ADEF, or AABC' and AD'EF, or

of

AABC" and AD"EF. A1l triangles have the same areaﬁﬂthe original peaks. The F
and the A obtained are 2.70 and 0.1514, 2.71 and 0.2278, or 2.74 and 0.3165.
The estimated a by Equation (10) is 0.6520, 0.6616, or 0.6785. The error
comparing with the accurate calculation is -6.4, -5.07, or -2.65 percent.
Since the second peak plays more important roles in M4 and MZ’ making the

second peak area larger gets more accurate estimation of a.

4, CONCLUSION

Several simplified methods on the estimation of the irregularity factors
of power spectra are presented.

For single-peaked power spectra, the irregularity factors can be rapidly
estimated by Equation (6), a simple function of geometric dimensionless
bandwidth, B, which is a directly perceived measure of the power spectrum

The behavior of the double-peaked power spectra has been discussed.
Their irregularity factors can be rapidly estimated by Equation (10).

Equation (5) is recommended for more accurate calculation of the irregu-

larity factor for any kind of power spectra in a short time.
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APPENDIX

A broken line can be used instead of the original curve of any kind of
power spectra. Figure 1 shows a single-peaked power spectrum (dash line), as
an example, represented by a broken line consisting of four segments (solid

Tines).

Gr(f) (6 _0) f‘ JL, for first segment

JL"le
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Rewrite ( A - 1), (A - 2) and (A -v3).in a general format:
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Mj = ——— 22 (64-G;,,) —H — , (3=0,2,4)  (5)
(3+1)(3+2)  i=1 fisg = T4

which can be used for double-peaked power spectra as well as single-peaked

one.
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